Abstract-For a two-level double quantum-dot (DQD) system, we proposed an alternative ultrafast manipulation approach, Lyapunov-based control method, to transfer the charge qubit from the initial charge state |R to the target charge state |L on the picosecond scale. Better control performance is obtained compared with that via Landau-Zener-Stückberge-Majorana interference, and the designed control fields can be implemented in the actual experiment facility. The control process is composed of three parts: first, a slope pulse takes the system from a positive detuning adiabatically to the anticrossing point, which corresponds to the resonance state of the system; then, a Lyapunov-based control pulse drives the charge qubit transfer nonadiabatically; finally, another slope pulse takes the system away from the anticrossing point to keep the system stable. The charge qubit transfer performance and the function of Lyapunov-based control pulse were studied under different control parameters. Simulation results showed that the designed Lyapunov-based control pulse has a rise time ∼20 ps, which is in the scope of the Tektronix AWG70000A series arbitrary waveform generator and results in a significant probability ∼96% for the transition from the initial charge state |R to the target charge state |L . The fidelity of the control process designed can achieve ∼94%. This is the first result directly applicable for a DQD charge qubit transfer using the Lyapunov-based control method.
the qubit in quantum dots is particularly attractive for the implementations of qubits, which are key elements in a quantum computer [1] [2] [3] . For the quantum dots, the qubit can been implemented by the charge [4] , [5] or spin [6] [7] [8] [9] degrees of freedom of an electron. Owing to the fast charge or spin decoherence time in semiconductor quantum dots, which is typically less than a few nanoseconds(10 −9 s) [4] [5] [6] [7] [8] [9] , the manipulation of the qubit on the picosecond(10 −12 s) timescale may be necessary. Until now, ultrafast control operations on a single qubit in quantum dots have been performed using optical pulses [10] [11] [12] and electrical pulses [13] . For a coupled two-level double quantum dots (DQD) whose energy are controlled by a time dependent control field, when the system is driven back and forth across the anti-crossing, the nonadiabatic transition from the ground state to the excited state will take place. There will also accumulate a Stückberge phase that gives rise to the periodic variations in the charge or spin qubit state transfer probability. This process is well known as the Landau-Zener-Stückberge-Majorana (LZSM) interference [14] . Over the last few decades, LZSM has gained particular interest for quantum control [8] , [15] because it is less sensitive to certain types of noise and might guarantee high fidelity of a universal gate operation [16] [17] [18] . Lots of charge or spin qubit manipulation researches have been performed by LZSM interference, and the most common control scheme via LZSM interference is to apply the periodic pulses to drive the system pass through the anti-crossing. The improved control scheme via LZSM interference has been acquired recently [19] . The tailored pulse with shape of "double hat" was obtained, and a significant improvement of oscillation visibility was achieved. In the system control theory, the control scheme based on Lyapunov stability theorem has been widely used in the preparation and manipulation of the quantum systems, such as superposition states preparation [20] , trajectory tracking [21] , [22] and state transfer [23] [24] [25] .
In this paper, an alternative control scheme via Lyapunov control for the charge qubit manipulation in the DQD system is proposed, which is significant different from that via LZSM interference. This is the first application of Lyapunov control method on the charge qubit transfer for the DQD system. The charge qubit transfer properties with various control parameters in the designed control field are studied under the consideration of the actual experimental facility. The qubit transfer performances are studied and compared 0018-9197 © 2015 IEEE. Personal use is permitted, but republication/redistribution requires IEEE permission.
See http://www.ieee.org/publications_standards/publications/rights/index.html for more information. (b) Energy diagram of the DQD charge qubit [13] .
between the Lyapunov control and LZSM interference.
The optimal control parameters of the control field proposed are obtained, which results in not only higher qubit transfer probability but also easy implementation of the control scheme. The paper is arranged as follows. The two-level DQD system model based on the LZSM interference is established in Section II. The control field for the DQD system based on Lyapunov control method is designed in Section III. The numerical simulation and result analysis based on the proposed control scheme are given in Section IV. Section V is the conclusion of the paper.
II. ESTABLISHMENT OF TWO-LEVEL DQD SYSTEM MODEL BASED ON THE LZSM INTERFERENCE
A Two-level DQD system is prepared within a GaAs/AlGaAs hetero structure as shown in Fig. 1 , in which Fig. 1(a) illustrates the scanning electron micrograph of the system in experiments, where A1 to A4 and B1 to B4 are 8 metal gate patterns; QPC is quantum point contact; two quantum dots are formed substantially at the position presented by L and R. The gate patters of A1 and B1 control the coupling strength between quantum dots; A2 and B2 separate the quantum dots from the QPC; A3 and B3 are the plunger gate of two quantum dots, on which the control fields impose to manipulate the dynamic characteristics of the quantum dots. The opening upon L and R is used to enhance the coupling between the two dots and increase the sensitivity of the QPC. Every change of the number of electrons in quantum dots will lead to the change of conductance in the QPC, denoted as G QPC . In such a way, there is no need to measure the change of the current in dots, and the difficulty of measuring can be avoided. Fig. 1(b) illustrates the energy diagram of the DQD charge qubit, in which E L and E R denote the energy level in possession of left and right quantum dots L and R, the amount of E L can be adjusted by applying external control field at the gate pattern A3. The system detuning ε can be denoted by the difference between E R and E L as
from which one can see that the detuning ε can be adjusted by applying external control field between the energy levels E R and E L . When the external control field takes the system to the anti-crossing point (ε = 0), the Landau-Zener tunneling will take place in the two-level DQD system. The ground state will jump into the excited state with the probability of P L Z . As the external control field takes the system far away from the anti-crossing, the two energy levels of ground and excited states will come up Stückberge interference. When control field takes the system to the anti-crossing the second time, the accumulated phase caused by the interference of two energy levels is φ i . The constructive interference occurs when the accumulated phase φ i = 2Nπ, N = 0, 1, 2..., and the system transfer probability goes to the crest. The destructive interference occurs when the accumulated phase φ i = 2Nπ + π, and the system transfer probability falls to the trough. The charge qubit transfer probability from initial qubit to desired qubit throughout the process is P |L :
where, φ L Z is a phase related to Stokes phenomenon which is small enough to be ignored [13] , the formulas of P L Z and φ i are
where, E + and E − represent the energy levels of the bonding and anti-bonding states, respectively. t 0 is the time required to reach the anti-crossing point ε = 0, and E ± = ± √ ε 2 + 2 , where 2 is the anti-crossing gap.
The control scheme via LZSM interference implemented in Ref. [13] is a triangular pulse with the amplitude A, the rise time t r and the pulse width t p . The time-dependent detuning can be obtained as
where, v represents the rise velocity of the control pulse. Substituting the explicit expression ε (t) in Eq. (5) into Eq. (3) and Eq. (4), one can obtain [13] 
where,h is the reduced Planck constant. Rearranging Eq. (6), one can find the interference-node locations ε (N) 0 as a function of the interference order N is
In the LZSM experiments, the rise time t r and the initial detuning ε 0 were t r = 180ps and ε 0 = 400μeV, respectively [13] . The plots of the accumulated phase φ i and the qubit transfer probability P |L as a function of the amplitude A are illustrated in Fig. 2 , from which one can that the first constructive interference appears when A ≈ 520μeV with the accumulated phase φ i = 2π; the second constructive interference appears when A ≈ 570μeV with the accumulated phase φ i = 4π; the third constructive interference appears when A ≈ 612μeV with the accumulated phase φ i = 6π. The optimal transfer property appears at the first constructive interference with the amplitude A ≈ 520μeV. In this case, the pulse width t p = 2t r = 360ps. The evolution of the qubit transfer probability P |L in time domain is illustrated in Fig. 3 , from which one can see that the maximum probability can reach ∼85%, and the stable probability is ∼77%.
III. DESIGN OF CONTROL FIELD FOR THE TWO-LEVEL DQD SYSTEM BASED ON LYAPUNOV CONTROL METHOD
In this section, we will propose an alternative control scheme via Lyapunov stability theorem to improve the qubit transfer property specific for the two-level DQD system. The dynamic evolvement process of the two-level DQD system can be described by the Markovian master equation [26] 
where, ρ is the system density matrix, H is the system Hamiltonian: [13] , and then H can be written as
The L in Eq. (8) is the standard Lindblad term [27] , which is used to describe the dissipation of the system, and L can be written as [28 
where L i , i = 1, 2, is the major Lindblad operator relevant to the dynamics for the two level quantum system. L 1 is the relaxation to its ground state, L 2 is the pure dephasing of charge qubit. In such a case, these two Lindblad operators can be described as
; 1 represents the relaxation rate in the relaxation processes associated with the reservoir absorbing energy from the system; 2 represents the dephasing rate in the dephasing processes where no energy is transferred. The 1 and 2 can be described by the relaxation time of electrons T 1 and decoherence time T 2 as: 1 = 1/T 1 , 2 = 1/T 2 , and T 1 is selected as 16ns according to Ref. [18] , T 2 is selected as 1.5ns according to Ref. [19] .
The Lyapunov control method is a designing control law method by means of the Lyapunov indirect stability theorem. This theorem was originally used to judge if a system was stable, and later it was widely used to design at least a stable control system. Now the Lyapunov control method becomes a very popular control law design method in systems control community like the optimal control method, and it has the advantages of easy to design, and the control law has analytical form [30] . The basic idea of Lyapunov control method is that: for a systemẋ = f (x), a scalar function V (x) with continuous partial derivatives is to be constructed such that the following two conditions should be satisfied: 1) V (x) is positive semi-definite, i.e., V (x) ≥ 0; 2) the first order time derivative of the Lyapunov function is negative semi-definite, i.e.,V (x) ≤ 0. The designed control laws under these two conditions can ensure the system to be stable at least, which means the control performance can be reached. Constructing an appropriate Lyapunov function V (x) is the most important part in the process of the control law design. The Lyapunov function V (x) in this paper is constructed based on the state distance [26] 
where, ρ is the density matrix of the qubit, ρ f is the target qubit density matrix. The first order time derivative of the Lyapunov function in Eq. (11) can be obtained aṡ
Substituting the explicit expression ofρ in Eq. (8) into Eq. (12), one can obtaiṅ
where
Substituting these results into Eq. (13) yieldṡ
Let
Eq. (14) can be written as:V = χ (t) + γ (t).
In the evolution of the system (8), the dissipation term L is a small value, which results in the magnitude of γ (t) is 10 −4 , while the magnitude of χ (t) is 10 −2 . That is to say, the term relating to L being of two orders of magnitude less that of the other term. For simplicity, the term relating to L is omitted in derivation process below, and the simplified Eq. (14) can be written aṡ
The control fields of f x and f z can be obtained under the condition ofV ≤ 0. As f x = is fixed, the major task for the control field design is to find the analytical expression of f z that keepsV ≤ 0.
From Eq. (8), one can obtain
Omitting the influence of the dissipation term L, one can obtain the dynamic equations of ρ 12 and ρ 21 as
According to the differential mean value theorem, the next time interval of (ρ 21 − ρ 12 ) (t) can be written as (18) where dt is the time interval corresponding to the time resolution of the pulse generator, and dt = 1ps according to the resolution of pulse generator in the laboratory [13] .
Substituting Eq. (17) into Eq. (18), one can obtain
Substituting Eq. (19) into Eq. (15), the next time interval ofV can be written aṡ
The density matrix of the qubit has (ρ 21 − ρ 12 ) (t) = 0 at the origin time, one can obtainV (t) = 0 at the origin time according to Eq. (15) 
theV (t + dt) ≤ 0 is obtained. Simplifying Eq. (21), one can obtain
Eq. (22) can be written as
We let the control law ε (t) have the form of:
in which k is the regulation parameter of the control law. Substituting Eq. (25) into Eq. (24), one can obtain: kλ (t) (ρ 12 + ρ 21 ) ≤ λ (t), and in the system evolution of the initial period, there is 0 ≤ (ρ 12 + ρ 21 ) ≤ 1. The λ (t) needs to be considered in two cases: 1) when λ (t) ≥ 0 with 0 ≤ (ρ 12 + ρ 21 ) ≤ 1, k ≤ 1 will satisfy the inequality (24) .
will satisfy the inequality (24) . With the regulation parameter k proposed in Eq. (25) and the relationship ε (t) = ε 0 + f z , the control field f z can be obtained as
Under the action of the control field in Eq. (26) with k = −0.01, the qubit transfer property in the time domain is illustrated in Fig. 4 , from which one can see that the control field via Lyapunov control is effective for the qubit transfer in the two-level DQD system. The qubit transfer probability can reach ∼94%.
It is noticed that the initial detuning in Fig. 4 is near the resonance, which corresponds to the non-adiabatic process of the DQD system. Consider the actual experimental facility [13] , the initial qubit of the DQD system is far away from the resonance point (ε = 0). That is to say, a period of control field, which takes the system to the resonance, should be implemented to the system before the control field in Eq. (26) being executed. In order to keep the qubit stable for measurements, another control field is needed after the control field in Eq. (26) , which takes the system far away from the resonance again. These control fields, which take the system to the resonance and far away from the resonance, adopt the ramp pulses for simplicity. Considering the above situations, the whole control scheme for the DQD system via Lyapunov control method should be made up as:
where, v is the rise velocity of the ramp pulse, t o is the time of begining the Lyapunov control method, τ is the time duration of the control field via Lyapunov control, which can be obtained by the λ (t) in Eq. (23) : when t ∈ [0, t o ], there is λ (t) > 0; when t ∈ [t o , t o + τ ], the control field f z2 drives the qubit transfer, as soon as λ (t o + τ ) ≤ 0, f z2 finishes. τ is the duration from λ (t) > 0 to λ (t) ≤ 0.
Schematic illustration of the detuning ε (t) under the control field in Eq. (27) is illustrated in Fig. 5 , in which the control fields are made up by 3 components: 1) when t ∈ [0, t o ), the control field f z1 drives the system from ε 0 to the anti-crossing point, and the system evolves adiabatically in this process; 2) when t ∈ [t o , t o + τ ), the system evolves non-adiabatically at the resonance, the control field f z2 via Lyapunov control drives the system transfer from the initial qubit to the target qubit; 3) when t ∈ [t o + τ, 2t o + τ ), the control field f z3 drives the system away from the resonance to keep the qubit stable.
IV. NUMERICAL SIMULATION AND RESULT ANALYSIS
In order to compare the charge qubit transfer performance between the Lyapunov method and the LZSM interference, the initial parameters of the DQD system are selected the same as those in Fig. 3 in the following simulation experiments. The probability P |L of the qubit transfer from the initial qubit to the target qubit is as the performance index.
The whole control scheme implemented in the numerical simulations is f z in Eq. (27) , which has three parts described by f z1 , f z2 and f z3 . The duration of each part can be adjusted according to the pulse generator actually used in the experiments. The pulse generator is the the Tektronix AWG70000A series arbitrary waveform generator whose sample rates can be up to 50GS/s. That is to say, the minimum rise time t r is about 20ps. The duration τ of f z2 can be adjusted by the control regulation parameter k and anti-crossing gap 2 . According to Eq. (23), τ depends on λ (t), while λ(t) is mainly associated with the anti-crossing gap 2 , we obtain the relation between τ and 2 by means of lots simulation results as
In the numerical simulations, 2 is set 20.7μeV at first [13] . The duration of f z2 is expected to be ∼100ps according to Eq. (28), which is just a multiple of 20ps. This reveals our control field can be generated by the Tektronix AWG70000A series arbitrary waveform generator, which can output the arbitrary pulse sequence with a fixed rise time of 20ps.
The qubit transfer probability P |L is investigated under various anti-crossing gap 2 and the regulation parameter k under the supervision of the control scheme in Eq. (27) . The simulation experimental results are illustrated in Fig. 6 , in which the t o is 20ps, and the performance of the P |L is got at t = 2t o + τ , which corresponds to the stable transfer probability. One can see from Fig. 6 that with the appropriate combinations of k and 2 , the qubit transfer probability P |L can reach ∼96%. As the duration τ of f z2 here is expected being 100ps, better performance of P |L can be obtain by adjusting the anti-crossing gap to 2 = 19.6μeV. In such a case, higher qubit transfer probability P |L can be obtained with k ∈ [−0.01, 0], and the optimal regulation parameter should be k = −0.005.
The Bloch sphere provides a convenient picture to understand the evolutionary track of the charge qubit state transfer in two-level quantum system, and the evolutionary track can be represented by applying the appropriate sequence of unitary operation matrices, the matrices
give rise to a rotation on the Bloch sphere around the x axis by an angle θ and around the z axis by an angle φ, respectively. For the two-level DQD system, the initial charge state |R = (1 0) T and the target charge state |L = (0 1) T Fig. 7(a) , from which one can see that the charge state probability P |L can reach as high as ∼95.5%. The insert map in Fig. 7(b) shows the evolutionary track of the qubit, from which one can see that: the control field f z1 and f z3 set the R z (φ) rotation angle φ 1 and φ 2 , the control field f z2 sets the R x (θ ) rotation angle θ , the total rotation on the Bloch sphere should be
The control field via Lyapunov control is sufficient to rotate the initial charge qubit |R to the target charge qubit |L . Furthermore, if we consider to actually realize the f z2 by means of the Tektronix AWG70000A series arbitrary waveform generator. The duration of 100ps can be divided into 5 equal parts. Each has the duration of 20ps. The control field of f z2 realized by Tektronix AWG70000A is illustrated in Fig. 7(c) , and the corresponding qubit transfer property is illustrated in Fig. 7(d) , from which one can see that the charge qubit probability P |L can reach as high as ∼96%, which is even higher than that via the precise control field f z2 . Compared the charge qubit transfer probability in Fig. 7 (∼96%) with that in Fig. 3 (∼77%) , the conclusion can be drawn that the Lyapunov control has significant advantage over the LZSM interference in the charge qubit transfer for the DQD system. The fidelity is also often used as a performance index in the qubit transfer of quantum systems, which is defined as [13] 
where, ρ e represents the solution in Eq. 
The fidelity as a function of the relaxation time of electrons T 1 and decoherence time T 2 is shown in Fig. 8 , from which one can see that the Fidelity increases as T 1 and T 2 increase, that is, when T 1 = 10ns, and T 2 = 10ns, the Fidelity can reach ∼98%; when T 1 = 1ns, T 2 = 1ns, the Fidelity can be ∼94% as well. The Fidelity via Lyapunov control theory has great advantage over that via LZSM interference of ∼80% in Ref. [13] .
V. CONCLUSION
In summary, in this paper, the control scheme specific for the two-level DQD system via Lyapunov control has been proposed and designed. The appropriate parameters of the control scheme has been determined. It has been verified in simulation that the designed control field is able to arrive higher performance in the qubit transfer. The control field function with a rise time of ∼20ps can be implemented in the actual experiment facility. This work provides an alternative way for the qubit transfer in the two-level DQD system. The qubit transfer property obtained has a significant improvement over that via LZSM interference. We also give specific experimental realization scheme. Although our control scheme is designed specific for the DQD system, the technique is independent of the physical architecture and has potential for wider applications.
